The function families used for the Lyness-Kaganove test are

1
/ |z — M| d,
0

/Ol(x > N de,
A%m@ﬂx—me

/ 1%/ (2 — A +107) da
[

/0 28(z — \) cos(B(x — \)?) du,

2 410%) da,

A€ 0,1], a €[-0.5,0]
Ae[0,1], ael0,1]

A€ [0,1], a€]0,4]

A€ [1,2],a € [—6,-3 (4)
Xi €11,2],a € [-5,-3] (5)
Ae0,1], ael.8,2], (6)

B = 10%/max{\?, (1 - \)?}

where the boolean expressions are evaluated to 0 or 1. The integrals are computed to relative precisions of 7 = 1073,
1079, 1079 and 1072 for 100 realizations of the random parameters A and a.. The results of these tests are shown in
Table 1. For each function, the number of correct and incorrect integrations is given with, in brackets, the number
of cases each where a warning (either explicit or whenever an error estimate larger than the requested tolerance is

returned) was issued.
The functions used for the “battery” test are

S fo e’ dx J1a

fa = fo x> 0.3)dx fis =
f3 = f z/? dx fie =
fa = fl (22 cosh(z) — cos(z))dz  fir =
fs = f_ll(x +224+0.9)"tdz fis =
fo = fol 23/% dz fio =
fr = fol 12 dx foo =
s = fo (1+2*)~tdz fo1 =
fo = fo (2 + sin(107z)) L da foo =
fio = fo (1+z) tda fog =
Ju = fo (14e")"'da Jaa =
Ji2 fo e’ —1)"tdx fas

f13 fo sin(1007z)/(rx) da

\/7675071'9: dx
10 95¢-257 4y
50( (250022 + 1))~ dz
fo 50(sin(50mx) /(507z))? da
Jy cos(cos(x) + 3sin(x) + 2 cos(2z) + 3cos(3z)) dx
1
J log(z) dz

fl (1 005 + 22)~1 dz

-1

fo 1 [cosh(20%(z — 2i/10))]  d=
fo 47r xsm(207m:) cos(2rz) dz

f (14 (230x — 30)%)~ ' dz

f()sL ’]dz
fole+)(z<)+B—z)(1<z<3)

+2(x > 3)dz

where the boolean expressions in fo and fa5 evaluate to 0 or 1. The functions are taken from [?] with the following

modifications:

e No special treatment is given to the case x = 0 in fi2, allowing the integrand to return NaN.

e f13 and f7 are integrated from 0 to 1 as opposed to 0.1 to 1 and 0.01 to 1 respectively, allowing the integrand

to return NaN for z = 0.

e No special treatment of z < 10712

in fi9 allowing the integrand to return —Inf.

o fo, was suggested by J. Waldvogel as a simple yet tricky test function with multiple discontinuities.

e fo5 was introduced in [?], yet not used in the battery test therein.



“UNI Yord I0J PaIMbal suoryen[ess uorjdouny jo Ioquunu agelose oy} SUrejuod
8%, qwIN[oo Y], ‘PoNSSI sem SUIUIEM € UDIYM UI SUNI JO ISQUINU dY) 9)edIPUl §19)oRIQ Ul SISQUINU Y], 'SUNI ()00 T JO MO ‘A[eA110adsar S)HNSaI 1091100Ul
PUE 3091100 JO IOQUINU O3 dJRIIPUL X PUB A [IIM PONIBUL SUWN[OD oY, ",1_0T PU® _0T ‘g_0T ‘¢_0T = £ I0j $3S0} 9AOUBSRI[-SSOUATT O3 JO SHMSNY :T IR,

05 ¥.551 | (86)86 | (@)z | zo12181 | (B)¢ (86)86 | 9g-g16 | (ev)ev | (29)29 | ¥I'6L9 (e)s (g6) g6 | 0e9696 | (62)08 | (0)oz (9) ubg
002,811 | (gr)er | (8L)88 | 9¢£08€6 (0o | (16)oor | 8s'er0c | (0)o | (06)001 | 2629¢T [N (66)66 | orsvL8 | (92) 22 | (0) €L (g) ubg
0z°Lev8 | (ge)ee | (€9) L9 | 99°TPLYVI (0)0 | (¢8)00T | 96°969 (0)o | (gL)00T | 88°¢¥8 (er)er | (98)88 | o8'11ze | (0)9 | (0)¥6 (v) ubg
09°99¢ (0)or | (0)oe IREN) (0)o (0)o01T | svyer (0)o (0)001 | 89°%8¥ (¥6) 96 @v 0801e | (0)¥z | (0)9L (€) ubyg
08°GOLT (e)gr | (0)ss ¥8°€09 (0)o (0)00T | 9¢°esT (0)o (0)00T | 28°L€0T (16) 66 (1)1 06687 | (0)or | (0)06 (¢) ubyg
0g'2svLT | (€6)26 | (0)€ 9z°1e98 | (8¥)8¥ | (6)es | 09°090T | (9%)8¥ | (92)eg | 2€ 01T | (001) 00T (0o | og1srz | (¥e)9s | (0)¥e (1) ubyg
1enaq, X 2 |enag, X 2 |enag, X 2 [ensg, X » |enag, X 2 AHV%
¥8penb penbo qo13zep Soyba Tpenb 21—0T =+
0£°206T @)z (g)86 | zzgeer (0)o (2)oo1 | 9g618 (0)o (2) 001 | ¥#1°6L9 (0o (88) 00T | 09°2z¥¢ | (9)9 (0) 6 (9) ubyg
0L°695¢€ (0)o (0) 00T | 06°9.z€ (0)0 (0) 001 | ¥0’'8€EFT (0)o (0) 00T | ¥1°8€8C (0o (s6) 001 | os8see | (0)o | (0)oot (g) ubyg
06°SFST 0o (1) o0t | 21%L0T (0)o (0) 00T | ZT°BL¥ (0)o (0) 00T | 05°808 (99 (09)¥6 | 0900zt | (0)0 | (0)00T (%) ubg
0L'€1¥ (0)ert (0) 88 8G°81¢ (0)o (0) 0ot |V'¥6 (0)o (0) 00T | 89'¥8¥ (6) 11 (zL) 68 0128t | (0)9z | (0)¥L (g) ubg
08°LV8 (0) ot (0) 06 70°09% 0o (0) 0ot | ZT'I¥I 0o (0) oot | g82e01 | (98)ge | (¥9) <9 ov9se | (011 | (0)68 (g) ubyg
06°ge¥6 | (17)62 | (0)Tz | 8.°928T | (eD)er | (8)28 #8819 | (1D)ar | (81)88 | @& 0181 | (59)9s | (¢p)¥¥ | or-zeor | (oL | (0)og (1) ubyg
1enaq, X » 1enaq, X 2 |ensq, X 2 |enag, X » [ensq, X 2 AHVK
¥8penb penbo qo18zep SHvba Tpenb 6—0T =<
09°996 (0)o (0)oor | v.°20z1 | (0)o | (0)oot | 96°20L | (0)o | (0)00T 29°26S (0)0 (0) 00T | 0¥7'891¢ (0)o (0) 001 (9) ubg
00°0zge | (0)0 | (1)ootr | 859181 | (0)0 | (0)oot | 88'%¥28 | (0)0 | (0)00T | 98620z | (0)0 | (0)00T | 0gzoet | (0)0 | (0)00T (g) ubyg
0g°Se8 o0 | (oot | #2719 | (W0 [ (0)oot [ 0868z | (0)0 | (0)00T | 0z 269 (9)9 (0)¥6 0SSV (0o | (0)oot (%) ubg
01°€92 (0)6 (0) 16 00'¢te | (00 | (0)oot | 9s8¢ | (0)o | (0)00T | 99°99¢ (01 (0) 66 06201 | (0¥z | (0)9L (g) ubg
0L°6.8 (0)s (0) ¢6 verie | (0o | (0)oor | oze6 | (0)0 | (0)00oT | 927882 0)9 (0) ¥6 08°6€% 0)6 (0) 16 (g) ubyg
ov-Le01 | (029 | (0)ee 21698 | (0)0 | (0)oor | 08¢6g | (0)z | (0)86 | 98'¥801 | (0)or | (0)06 ov9se | (0)6g | (0)1¥ (1) ubyg
|eAdqy X \a 1eA9qy X \a 1eAdqy X \— 1eA9qy X \. |eA9qy X \. AHV.\
¥8penb penbo qo13zep SHYba Tpenb 90T =<
08638 (0o | (0oor | v6168 | (0)0 | (0) oot | 89'¥es [ (0o | (0)001 | &¥zov (0o | (0oot | or#eL | (0)0 | (0)o0t (9) ubyg
00°LE¥1 (0)6 (116 | ¥6°€96 | (0)o | (0)00T | 96°28% (0)o (0) 00T | 92°20LT (0¥ (0)96 | ov2te | (0)29 (0) ge (g) ubyg
oLery | 09z | (0wL | 09vee | (0)o | (0)oor | 9621 | (0)11 | (0)68 ¥y | ()9 | (0) ¥l 0L¢6 | (0019 | (0)68 (v) ubyg
00°0ST (0)o | (0)oot | gsott | (0)0 | (0)00T | ©L°8T (00 | (0)oot | 08T (0o | (0)oot | oser | (O¥T | (0)98 (g) ubg
02262 (VK4 (0)86 | 06'¢21 | (0)0 | (0)ooT | 94°89 (0)o | (0)ootr | 91°868 (0)e (0)26 | 08611 | (0)6 (0) 16 (g) ubg
006¥z | (0)09 | (0)o¥ | 0008z | (0)0 | (0)00T | 0%°S6 01 (0) 66 8G° 0¥ 06 (0) 16 0L¢6 | (0)9s | (O)¥F (1) ubyg
1eA9qy X \. 1eA9qy X \— 1eA9qy X \a 1eA9qy X \— |eAdqy X \— ARvk
y3penb penbo qo138zep sovba Tpenb e 0T =+




‘pueileyur o1y3 jo jurod payenyess Iod SPUOIISOIINU JO IOUINT 9SRIAR 9} oI SIONORIQ UI SON[RA 91} puR uoIyeIdoul 1od PuodISSI[IU
JO IoquNU 9FeISAR 9} OIe UWN0D (DRI UL SONRA YT, ",1_0T PU® 0T ‘g_0T ‘¢_0T = L I0J SS9} dAOURSRI-SSOUAT] o) JO SYNSOL Y} JO SSUIWL], g O[qR],

(8T'1)8e'8T | (60°21)29°61% | (90°92%)80°06& | (L0°99)80°8¢ | (08'F¥1)90'¥0¥T (9) ubyg
(L82) 2708 | (0% 12) 27002 | ($9°6L8) ¥e'28L | (L9°66) L0°92% | (S6°9ST) L8°TLET (g) ubyg
(z1°¢) 28°9¢2 (82°2)82°L01 | (¥0°89¢) #1°9%2 | (L1°6%) 89'¥% (€6°9€1) 6L°68¥ (¥) ubyg
(80°g¥) T¥'eT (0L°21) 0£°'6 (89°695) 08°GL (06°¢9) ¥6°1¢ (eg°2vl) 0€° ¥V (¢) ubyg
(70°62) €567 | (8€°61) 0L IT | (IT°LFL)66°9¢T | (I1°T8)¥0°€S (8G°2¥1) 6869 (¢) ubyg
(L¥'2) 6TV (06°6) ¥7°¥8 (16°20%) 29°zey | (Ge°Lp) 1S T1L (7O I¥1) ¥6°06€ (1) ubyg
y8penb penbo qoT3zep Sovba Tpenb 10T =14
(€6'%) LE°6 (08'11)92°¢T | (¥6°1€¥) 00°7GE | (61°69) ¥¥'LE | (69 €FT) 98°6LL (9) ubyg
(629)60%z | (02°12) 2112 | (26°82%) 18°919 | (82°G6) 6L°28% | (1S°9ST) 04°GTS (g) ubyg
(6L°7T) 98°2¢ (£6°9) G¥°L (99°6TF) £1°861 (1£°63) 0L°€3 (6S°LET) 6T°G9T () ubg
(e'0%) 0291 | (28°21)S9'9 (PL'36S) 00°9 (£8°99) 6£°5¢ (L9°€¥1) 91°9¢ (g) uby
(98'%%) €0'8¢ | (S9'81)85¢'8 | (SS¥¥L)20°60T | (L0°TS) 00°€S (9€°2¥1) ¥2°0S (z) ubg
(8L7)ersy | (ev0D)¥06T | (3€69%) ¥ 062 | (¥0'8%)95°cL | (6T°THT) LG LY (1) ubyg
¥8penb penbo qoT3zep Sovba Tpenb 6—0T =<
(61°8) 16°L (¢021)zev1 | (87'8%F) 1S°L1e | (6£89) €82 | (FOFHD) ¥ETIE (9) ubyg
(16°6) 10°2T (7¥°52) 25 97 | (28°06%) 1¥°65v | (69°96) ¥2 ¥61 | (1 LST) ¥L 70T (g) ubyg
(££'92) 91°TC (¢0°'8) ¢6'% (8veLv) 6L 281 | (62°68) &h 08 (95°9€1) £€°99 (7) ubyg
(£Lv8) V16 (Ls21) ¥6°¢ (08°219) 68°S€ (£0°L9) 8S°¥T (65°6£T) 9871 (¢) uby
(ov'zv) 1v'¥e | (¥S'81)€8'S (e1°€€2) €L°TL (€8°0¢) 60°0F (tgov1) er-ee (g) ubg
(86'92)66°2¢ | (87 11)86'6 | (61°669)99°9ST | (9T°LF)9T°1S | (80°6ET) LS 6¥ (1) ubg
¥8penb penbo qoT3zep SHyba Tpenb 90T =<
(95°2T1) S9°9 (77 ¥1) 88°21 | (£1°€6%) 99°€9% (65°6S) 12.°52 (LS €PT) SOTIT (9) ubyg
(¥9'¢1) 09°61 | (gv-ee) vz oe | (83°669) €598z | (£1°96) £9°¢91 | (09°99T) 0L°6F (g) ubyg
(99°2¢) 67 ¥1 (61°01) 1¥'€ (09°2,5) 00°62 (zL°62) 69°TT (¥9°1€1) 09°21 () uby
(s¥'€2) 2g'e (Lg'11) 621 (92°€65) GO°LT (68°89) 0€°TT (rz1e1) 12°¢ (g) ubg
($6°2€) 60°IT | (8€°21)T0°€ (PL°9TL) 21TV (2G'18) 1603 (£6°6€1) 0°91 (g) ubyg
(L2'28) ¥0°8 (e821) 65°¢ (6£°829) G6°6S (96°2¥) €1°1¢ (z9°¢€1) 86°21 (1) ubyg
Spenb penbo qot18zep sovba Tpenb




“SNOIT) USNILIYS SIR SUILI [NJSSEIONSUN PUR P[Oq UI ST (SUOIIRN[RAD UOIIOUNJ JSeS]) J[NSAI 1S9 J) ‘9oURIS[O) PUR 1S9) [ORD 10 '9IURID0) R
103 103RIZOIUL YOS AQ POIMDAIL SUOIIRIBAD UOIJOUNJ JO IOQUINU S} UIBIU0D SUWN[0D O, “z1_0T PUB ¢_(OT ‘90T ‘¢—0T = £ 10§ 3803 A10338( JO S}MSOY :¢ SR,

0012 €9CT 692 618 8.9 08€T €€6 10T 618 8¢¢ 048 €69 67T 618 |¥€ 0ge LLT I8 199 80T sef
0268F | L€TST pren F90¢ 8e8e laaay 6CS98T TOET F90¢ 8E2E 0€8% 68CTT 248 T96¢ 828F o2t 61G¥ ka2 TI6T 8ET vef
0€TT LG6 0¥ 66€ 8091 (01%° 699 e 66¢€ 889 06¢€ q9¢€ 191 66€ 8G¢C 0LC 16T €6 €LT 80T €cf
0S€T L29 €18 STE 894G 099 L29 G8¢ S1E 806¢ 0ge L29 soe q1e 888 0ST TLE e A4S 8¢CC aef
006 6€8T 679 8¢ 8V.LT o0ze €99 €T 8¢ 8STT 0o¢ e6¢ a8t 8€ 87¢€ 02T T6T 8 €T 8ET tef
0ST 61¢C <9 €9 891 08T <96 <9 €9 |87 0ST €€ €€ |4 8¥ 08T €€ LT |4 ST ozf
(01%° €V61 677 1€C 69€T 06€ €TeT 48T 1€C 667 (024 LTL SY1 1€T 62C 08T G8¢ g9 T€T 60T 61y
0S¥ 189 €LT PA AN 8GLT ove G6¢€ G8T A4S 8€L 0ST 60¢C 62T LVT 8¢CC 0ST avi €L G0t 80T 8Lf
06€¢ 16¥%¢ L20T L6TT 6979 0vLT 61VC GTLT L6TT 6€8¢C 0¥8 1671 G90T LLL 676 09¢ G0L qce €8¥ 6L Ly
0ST €e 6 1T 8T 0ST €e 6 |4 ST 08T €€ 6 1¢ 8T 08T €€ 6 |4 ST orf
09¢ LLT SPT 68T 80L ove T6T 10T 68T 88T 08T 69T 69 68T 89T 0ST GeT v LyT 8L stf
(01%° G9¢ €91 T€T 889 00¢€ q1¢e SoT T€T 8C¢C 0T1¢ €8T <S9 1€ 8€T 08T IG6T Sv 1€T 8L vif
0507 125¢ €€TT €CET | 6E60T 0¥92 6SVC €161 €CET 6.8V 00ST LVET 6971 €CET 61GT 084 66€T 626 199 68¢ erf
08T €9 6 12 61 0ST €9 6 12 6T 08T 53] 6 12 6T 0ST Ly 6 12 6T erf
08T €€ LT 14 8¥ 08T €€ 6 14 ST 0ST €€ 6 1¢ 8T 08T €€ 6 |4 ST ty
0ST €€ €€ X4 8y 0ST €€ LT 12 8y 08T €€ LT 1¢ ST 08T €€ 6 12 8T orf
0€TT 1471 L9 €87 8082 0.9 166 0% €87 8¢€0T 0ge 189 €8T 66€ 89% 08T 19¢ 1t qTe 86T 6f
0ST G6 6% jx4 8¢T 08T G6 €€ 154 8¥ 0ST €€ 514 1¢ ST 0GT €e PA S 1¢ 8T 8f
0ST TLTC G96 T€T lyagqg 0ST €ovT 8¢ T€C 688 0ST €69 G8C T€T 6EV 04T €9¢C 1t T€C 68C Lf
08T L09 LET 68T 88C 08T 69¢€ €L 68T 80T 0ST 69T v a0t 8¥ 08T €€ 6 |4 ST of
0ST 61¢C <9 €9 891 08T <96 <9 €9 |8V 0ST a6 €e [ x4 8¥ 0ST €e LT 1T 8T sf
08T €€ €€ jx4 8% 08T €€ 14 12 8T 0ST €€ 6 1T 8T 0ST €€ 6 1¢ 8T vy
0ST T6TT 1844 T€T 8t9 08T 661 LET T€C 8GC 0ST 62V <9 1€C 80T 0ST T0T Se (0] 8 8Y &f
0021 189 I8T LG€ 807 048 18474 |5748 L9€ 8T¢ 048 T0€ 10T L9¢€ 86T 0.2 9T 19 LG€ 80T of
08T €e LT |44 8T 08T €e 6 |44 ST 0ST €€ 6 12 8T 08T €e 6 |44 ST i
y8penb penbo qo18zep sovba Tpenb y8penb penbo qo18zep sovba Tpenb ¥Spenb penbs qo18zep sovda Tpenb y8penb penbs qo18zep sovba Tpenb (z)f
10T =< 6—0T = L 90T =+ 0T =+




