The Buffon Needle Poblem ...

George Louis Leclec, Comte de Bufbn
(born on 7September 1704t Montbord
Burgundy; died on 1&pril 1788 in Paris)
has 25 inde entries inthe Encyclopaedia
Britannica(35-wlume ¢h & 10th Editions
1875-1903). These cwer topics such aj
Bees; Bionomics; the Classification
Monsters; Crystallisation; his influence
Darwin; Evolution; Humming-birds; th
Mirrors of Archimedes; Natural Histor
Ornithology; Parrots; Phalanger (a genu ¥t
Possums, which he namedProbability
his work on Species; and theumpeter-bird ;

*His magnum opusHistoire Naturelle génémle et particulidee,
came out ver decades in manvolumes as “a general graopedia
of the sciences”.

Originally destined for L&, which he studied at the Cofje of
Jesuits in Dijon, he turnedwards the physical sciences, especially
Mathematics (for which he as gifted as a youth). He translated
Newton’s Fluxions and Hales$ Vegetable Statiks™. He worked
widely in Mathematics, Physics, Agriculture, and biological sciences.
** Stephen Hales, FRS, DD (17/09/167401/1761) was a clgyman
who worked in may areas of science. He wrote, amongst other
works, two volumes ofStatical EssaysThe first,Vegetable Statiks
describes experiments in plantysfology and biochemistyyand the
secondHaemastaticksexperiments in animal pisiology including
the study of blood pressure.

Buffon also has 9 entries in the idaf |saac ddhunter’'sA History

of the Mathematical Theory of Probability from the Time of Pascal to
That of Laplac§Cambridge, 1865Textually unaltered reprint; Ne
York, 1949 and 1966 Theseefer ta solutions of some problems in
chances in hi€ssai d’Arithméque Momle; his association with
D’Alembert in his thoughts about experimental determination of
probability and Bubn’s tables of duration of life; a whole section
(7 pages)n Buffon’s mathematical work in Probability (thEssai
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appeared in 1777 in the fourth volume of &igoplenent al’Histoire
Naturellewhere it occupies 103 quarto pages, and is\melito have
been composed in 1760); pertinence to tlekvof Condorcet; some
of his solutions which were “borrowed” in Bicquyle Du Calcul
des Probabilits. Par C. F de Bcquilley, Garde-du-Corps du Roi

In the 23rd section of thiéssai d’Arithniéque Momle (according to
Todhunter) appear some problemgiring Probability and Geometry.

In the first of these:

“ Suppose a large plane area baddid into equal regular figures,
namely squares, equilateral triangles, or regulgadpens. Lea
round coin be thrown down at randprequired the chance that
it shall fall clear of the bounding lines of the figures, al én
one of them, or on tavof them, and so on.

These gamples only need simple mensuration, and we need not
delay on them; we la ot verified Buffons results”
(Todhuntey 1965 reprint, page 346, section 649)

And then:

“ Buffon then proceeds to a more difficult example which requires
the aid of the Integral Calculug\ large plane area is ruled with
equidistant parallel straight lines; a slender rod isvthrdown:
required the probability that the rod witllFacross a lineBuffon
solves this correctly.

[* - - Buffon next describes a similar problem with a grid of lihes
Laplace, without anreference to Buffon, ges the problem in
his Theorie ... des Pob, pages 359362.”  [Published 1812]
(Todhuntey 1965 reprint, page 347, section 650)

Thus, finally (though with perhaps uncertain date) we are led to the

original Buffon Needle Poblem. Todhunter does not discussyan

details of Buffons solution, nor of Laplace’s.

On the n&t page is a transcript from pages 359-360 of Lagace’

Theorie Analytique des Ribabilites (1812), as read from the website

of the Bibliothejue Nationale de France. URL (all one line):

http://gallica.bnf.fr/Search?Ari aneW r el ndex=i ndex&p=1& ang=EN&
f _typedoc=livre&q=t heori e+anal yti que+des+pr obabi |l ites&=0&=0
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The Buffon Needle Problem. . .

From Théorie Analytique des Probabilitg pp. 359-360

page 39

“ Enfin, on pourrait dire usage du calcul des probabdijt@our

rectifier les courbes ou carrer leurs agds. Sansloute, les
geomdres n’emploiront pas ce men; mais comme il me
donne lieu de parler d’'un genre particulier de combinaisons du
hasard, je vais exposer en peu de mots.

Imaginons un plan dise par des lignes paraliss, ‘guidistantes
de la quantitea; concerons de plus unytindre tres-groit dont
2r soit la longueyr suppose egde ou moindre quea. On
demande la probabilitgu’en le projetant, il rencontrera une
des divisions du plan.

Elevons sur un point quelquonque d’'une des ces divisions, une
perpendiculaire prolorigejusqu’a la diision suvante. Sup-
posons que le centre dyliadre soit sur cette perpendiculaire,
et ala hauteury au-dessus de la preimgede ces deuxdsions.

En faisant tourner le cylindre autour de son centre, et nommant
@ 'angle que le cylindre faitvaec la perpendiculaire, au moment

ou il rencontre cette dision; 2 sera la partie de la eir
confaence derite par chaque x¢rémité du cylindre, dans
laquelle il rencontre la division; la somme de toutes ces parties

sera dondJ’ pdy, ou 4py — 4I y dg; or on ay =r. cosg; cette

somme est donc

4py — 4r. 9n @ + constante
Pour d¢erminer cette constante, nous observerons que
lintégrale doit s'éendre depuisy nul jusquay=r, et par
consguent depuig = 7 jusquag = 0, ce qui donne

page 30

constante= 4r ;

ainsi la somme dont il s'agit edt. Depuisy =a-r jusqu’a

y =a, le g/lindre peut rencontrer la division sante, et il
est visible que la somme de toutes les parties vedadi cette
rencontre, est encowdyr; 8r est donc la somme des toutes les
parties relaties ala rencontre de I'une ou l'autre dewidions

par le cylindre, dans le mouvement de son centre le long de la

perpendiculaire. Maike nombre de tous les arcs qu'ilcdié en
tournant en entier sur lui-mmee, achaque point de cette perpen-
diculaire, esRarr; c'est le nombre de toutes les combinaisons
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possibles; la probabilitde la rencontre d’'une des divisions du
plan par le cylindre, est doé(;—f. Sil'on projette un grand nombre
de fois ce ¢lindre, le rapport du nombre de fois mugylindre
rencontrera l'une des wsions du plan, au nombre total des
projections, sera par |€ &6, atres-peu prs, la valeur d%, ce
qui fera conndre la valeur de la circonferen2a. On aura, par

le mame numeo, la probabiliteque I'erreur de cette valeur sera
comprise dans des limites doeseet il est facile de voir que le
rapport %r qui, pour un nombre donnde projections, rend
'erreur acraindre la plus petite, est 'uhjtee qui donne la
longueur du cylindrégde al'intervalle des divisions.

Diagram illustrating Laplaces working

perpendiculaire

E(,, cylindre rés-étroit
i r soit la longueuy suppose
%gale ou moﬁmﬁ cﬁJepaP

@r < a) ;

2¢

So much for Laplace’ “je vais exposer en peu de mots$’shall

explain it in a fav words)! Despite (or because p#ll these vords,
Laplaces explanation of his working is not particularlymcit. Here
is a more explicit summary (and, beld'needle” replaces Ydinder”).

The anglep is determined hytherefore a function of, the distange
of centre of the needle from the baseigion. It varies fromp=0
(y=r, half the length of the needle; gr=a-r) to ¢=7 (y=0; or
y=a). Theangle 2p swept out for a gien y is counted for each end,
hence 4 for a given y. Hence the first (indefinite) irgeal 4 ¢ dy

for the totality of §/, @)-space such that the needle intersectsiaidn.
While pis an avkward function ofy, y = r. cosgis simple.Integrating

by parts:4 [ pdy = 4py -4 ydp = 4gy-4r.sSn @+ constant.
It remains to ealuate the constant-but this again is wrdy! A better
oveall deriation is gven on the next page.
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The Buffon Needle Problem. . .

,_ . Pperpendiculaire

y division suivante

peut rencontre*

Y= el cylindre trés-étroit

y=r ' 2r soit la longueuy suppose
peut rencontrer . egle ou mothde e &
Y (2r<a) division

LV 11|
Y-Hch

2¢

Now disregarding intersection, letp denote the angle between the
needle and the perpendicular when the needle is thrown randomly
onto the plane; then the positigrof its centre has a uniform distub
tion on(0, a), andg a wniform distribution on(- 7, 7); @, y are inde-
pendent. Thervey differential boxdy dp has the same probability.
The total content ofy, ¢)-space is7 x a, so he probability ofdy dgp
dy d¢, since nav J'niz a_ dy do

ma p=-nl2Jy=0 ma
bility of the subset ofy(, ¢)-space such that the needle intersects one
or other of thelivisionlines (it cannot intersect both, sirke< a).
For a gven value ofgin (-7,7), y can range er (0,r cosg) or
ove (a-r cosg, a). Thesdntervals do not gerlap. Hencehe prob-
ability of intersection is

_ 2 r cosg dy do N 2 a dy do

B I¢:—n/2 y=0 mra I¢:—n/2 y=a-rcosp ma

is

=1. Next, we find the proba-

12 rcose d 12 r cos
_ ZJ-” odydgp _ ZJ.” %
p=-n2 Jy=0 ma -m2 Ta
4y 2L
= — = — [L =2a =length of needlg[eee]
mTa Ta

(agreeing with Laplace’result). Hence.. atlast ... !!! :
4 1 2L 1
T = —X— = — X —
a P a P
Thus threving a needle of length = 2r randomly onto a plane ruled
with parallel lines a distance> 2r apart, may times, and counting
the proportionP of thraws in which the needle intersects a lineegi
an empirical estimate of the valuemfusing equation(] ].

(O]
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But there is a simpler approdrc... !!

This starts with the concept of the Expectation of a randammahle.
If a random wariable X takes \aluesx;, X,, ... , X, with probabilities
Py Py --. » Py then the Expectation(& ) of X is defined as

E(X) = prxg+ PpXp+eoe+ Py X
Given N jointly distributed random ariablesXy, X,, ... , Xy it is a
basic fact (from one’first course on Probability) that the Expectation
of their sum is the sum of their Expectations

E(X + X5+ + Xy) = E(X) +E(X) +---+E(Xy)
If a random wariable X takes only tvo values: O with probabilityp,
1 with probability p;, then the Expectation of is

E(X) = 0xpy+1lxp = p =PX=1)
the probability thaX =1.
Consider a planar ‘quasi-curve’ made up of a nunhbef very short
straight-line segments, each of length,, sey. Consider thraing
one of these ggnents onto the ruled plane at random, avabbet
this segment hae robability 5P of intersecting a dision line. Score
X =1 if it does, X =0 if it does not. Then HX) =P, as dove.
For each sgment 12, ... ,N, score X, X,, ..., Xy correspondingly
when the whole ‘gquasi-curve’ is thrownwdo at random. Then the
total number of intersections of the ‘curve’ with thewision lines
is| =X, + X, +---+ Xy whose Expectation is

E(I) = E(X X)) = YE(X;) = NoP
since the segments are identichlow, for segments of gen equal
length, the length of the ‘cueVis proportional taN. Hence, for an
such ‘cure’, E(1) O L: the expected number of intersections is
proportional to its length, gardless of its shapeHence, for some
constanC,E(l) = CxL.
Any smooth cure can be arbitrarily approximated by 8afently
mary sufficiently short segments, so agair{lf = Cx L. If the
curwe is a arcle of diamete2r = a, the distance betweenwviiions,
then the number of intersections isvays 2,so0 E(1) =2, L = rra,
so2=Cma, 20C=2/(ra) and hence El ) = 2L /(ra), which is
Laplaces/Buffon’s result at [¢e] abve. €< = EE— L

But now it gets wiggly [1
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. and now Buffon’s Thread

Buffon’s Thread

Since Bufon had a needle, he mustvkaad a thread-else what
was he aing with that needle? (Apart from constantly dropping it,
and having to fumble for it on the floorboardavhich is probably
what qave him the idea for his Needle Problem: as an obgggsi
obsenant Natural Historian, he no doubt compudyi recorded
whether or not he found it lying across the line betweenhwvards).
But no-one has yet spoken about Bufs Thread. Nwv is the time.

As established on the previous page, if a eufvengthL is dropped
randomly onto a plane ruled with parallel lines distamtpart, then
the Expectation of the numbkof intersections of the cuewith the
lines is ’L

E() =" [0]
regardless of the shape of the carvSothe cune can hae a dfferent
shape eery time it is dropped, so long as it remains of the same
lengthL each time. and the resultl] will remain true.

Therefore the cues can be a flexible thread, of length adopting
whatever shape the hazards of dynamics impose on it when it hits the
board. Allyou need to do is to count the number of intersections of
the thread with the lines, once it is lying on the boakdd that is

the Buffon Thread Problem-aready solved at[[].

Finally, as a £nd-of . . .
As noted abee, because there &g Bufon’s Needle, there must ha
been Buffons Thread — andhis had non-trivial consequences.

We haveall heard of Occams’Razor:

Numguam ponenda est pluralitas sine necessitate a
Entia non sunt multiplicanda praeter necessitatem b

(don't dream up anything that you ddrabsolutely have fo
But if Occam had a razathen he must ha had a beard—else wly
(by his own principles) would he Y& havea razor?
So Herewith Occam’s Beard
Anything that can be imagined as possible must somevlediue
(I appeal for an elgant translation)

There are examples in marsciences —theHiggs Boson finally
came to light (as it were.).

Especially in deep-sea Marine Biolgdghere are manphenomena
which were disceered by crawling through OccamBeard.

a As in Occans owvn writings: Quaestiones et decisiones in quattuor
libros Sententiarum Petri Lombardi

b Attributed to Occam, but reportedly not found in hitaat writings.
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